Contents

I

Ordinary Least Squares|

(1.1 ~Gauss-Markov Assumptions| . . . . . . . ... ... ... ... ... ...

[1.2.1  Small sample properties of the OLS estimator{ . . . . . . .. ... ..
[1.2.2  Asymptotic distribution of the OLS estimator| . . . . . . . . . . . ..

Generalized Least Squares|

[2.1 ~Generalized Least Squares| . . . . . . . . . . ... ... . L.
[2.2  Weighted Least Squares| . . . . . . . . .. .. ... ... .. ... ..

Model Misspecification|

[3.1 Incomsistency of OLS| . . . . . . .. .. ... o
[3.2  Functional form misspecification|. . . . . . . .. . ... ...
[3.3  Endogeneity| . . . . . ...

[4.3.1 Estimating the fixed eftect| . . . . . . . .. ... ... ... ... ...
[4.3.2  Within estimator Consistency| . . . . . . . .. .. ... ... .....

10
12
12
14

15
16
17

19
19
19
20
20
20
21



CONTENTS CONTENTS

4.4 First-Differences Estimatorl . . . . . . . . . ..o 27
4.5 Random Effects estimator] . . . . . . . . . . ... ... oL 28
4.6 Unbalanced Panel Datal. . . . . . . ... ... .. ... ... 28
[4.7  Dynamic Models| . . . . . ... ..o 29
[4.7.1 True State Dependence and Unobserved Heterogeneity| . . . . . . . . 29
[4.7.2  Inconsistency of Standard Panel Estimators| . . . .. ... ... ... 30

4.8  Arellano-Bond Estimatorf . . . . . . . . ..o oo 30
B Max TaKenl I 33
b1 Tikelihood function| . . . . . . . . . . . ... 33
[>.2  Objective Function| . . . . . . . . . .. ... 33
H.3  Maximum [Likelihood Estimator| . . . . . . . ... ... ... ... .. .... 34
[>.4 Information Matrix Equality| . . . . . . ... .. ... o000 34
[H.5  Distribution of the MIL Estimatorf . . . . . . .. . . ... .. ... ... ... 35
[5.5.1 Poisson regression Example] . . . . . . ... ... 0000 36

[6.6  Quasi-Maximum Likelihood| . . . . . ... ... ... .. ... ... ..... 36
H.6.1 Pseudo-True Valuel . . . . . . . . ... ... ... ... ... ..., 37
[5.6.2  Linear Exponential Family| . . . . . ... ... ... ... 37
.7 Numerical Maximizationl . . . . . . . . . . . ... o 38
[5.7.1  Newton-Raphson| . . . . . . ... ... ... ... ... ... ..... 38

- - -Hausmanl . . . . ... ... ... 39

[5.7.3  Davidon-Fletcher-Powell and Broyden-Fletcher-Goldfarb-Shanno| . . . 39

6 Binary Response Models| 41
[6.1 General Binary Modell . . . . . . ... ... oo oo 42
[6.1.1  General Binary Outcome Model| . . . . . . .. .. ... ... ... .. 42

0.1.2 M Estimationl . . . . . . . ... oo 42

[6.1.53  Consistency of the MLE| . . . . ... ... ... ... ... ... ... 43

0.2 Logit| . . . . . 43
B3 Probifl . . . . . . 45

7 Duration Analysis| 47
[7.1 Key Concepts| . . . . . . . . . 48
[7.2  Censoringl . . . . . . . . . . e 49




CONTENTS CONTENTS

I8 Generalized Method of Moments| 51
RI1 MM Estimator] . . . ... .. . .. ... 51
8.1.1 Distribution of the GMM estimatorl . . . . . . .. .. ... ... ... 52

8.2  Optimal GMM| . . . ... ... 53
8.2.1 Number of Moment Restrictions . . . . .. .. .. ... ... ... .. 53
9__Instrumental Variables| 55
0.1 TV Estimator] . . . .. . . .. . .. .. 55
9.2  Two-Stage Least Squares|. . . . . . . . . . .. ... oL o7
O3 GMMIVTH . . . oo o 58
9.3.1  GMM kEstimator] . . . ... .. ... . o 58

[9.3.2 Optimal GMM| . . .. ... ... ... ... ... .. 59

033 GMMwvs, 2515 . . . . ... . 60

[9.4  Three-Stage Least Squares| . . . . . . . . . . ... ... . L. 60
9.4.1 35015 Estimator] . . . . . . . ... o 60

10 Specification Tests Revisited| 63
O Y 7 63
O.1.1 CMtestl . . . . . . 64

[10.1.2 Test ot Overidentitying Restrictions| . . . . . . . . . . ... ... ... 64

0.2 Hausman Test] . . . . . . . . . . . 64
[10.3 Common Misspecifications| . . . . . . . . . . . .. ... ... . ... ..., 65
[10.3.1 Heteroscedasticity|. . . . . . . . . . . . . . . ... 66
1032 OIR Tests . . . . . . . . o oo 67

(11 Bootstrapping| 69
[11.1 Asymptotic Pivotal Statistic| . . . . . . . . .. ... ... ... .. 69
(11.2 The Bootstrap Procedure|. . . . . . . . .. . ... ... ... .. ... ... . 70
(11.2.1 Boostrap Algorithm| . . . . . . ... ... ... ... ... ...... 70

[11.2.2 Bootstrap Sampling|. . . . . . . . ... ... ... ... ... ..., 70

(11.2.3 Number of Bootstraps| . . . . . . . ... ... .. ... ... ..... 71

(11.2.4 Standard Error Estimationl . . . . . . . . . . .. ..o 71

(11.2.5 Hypothesis Testingl . . . . . . . . . . . ... ... ... ... ..... 71

[11.2.6 Sampling Bias Reductionl. . . . . . . . ... ... ... ... ... .. 72




CONTENTS CONTENTS




Chapter 1
Ordinary Least Squares

Ordinary Least Squares (OLS) is still the workhorse of econometrics. I develop a quite
succinct presentation of the estimator, its assumptions and its properties. It is implemented

in Stata through the regress command.
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coef=1.9802739, se =.01812123,t = 109.28

Figure 1.1: OLS regression

1.1 (Gauss-Markov Assumptions

The OLS estimator that will briefly derived is based upon the well known Gauss-Markov
assumptions. Under these assumptions, the OLS estimator is the Best Linear Unbiased
Estimator (BLUE)



1.2. OLS ESTIMATOR CHAPTER 1. ORDINARY LEAST SQUARES

1. Linearity: implies that the marginal effect does not depend on the level of regress

oy
g (L.1)

2. Strict Exogeneity: the conditional mean of the error term is zero
Ele;|X]=0 (1.2)
e unconditional zero mean of the error term
E[E[e|X]] = Ele] (1.3)

(this is possible by the law of total expectations)

e orthogonality of the error term: the basis of the further discussed method of the

moments

E[l'jkgi] - E[E['xJkgl’xij
— E[I'JkE[€z|x]k]]
., (1.4)

3. No multicollinearity: The rank of the n x K data matrix, X, is K with probability 1
4. Spherical error variance
e homoscedasticity
E[e?|X] = o’Iy >0 (1.5)
e no correlation between observations

Eleie;] X] =0 (1.6)

1.2 OLS estimator

Assuming the four Gauss-Markov assumptions hold we can now derive our OLS estimator.

Let us start with the following multiple regression

10



CHAPTER 1. ORDINARY LEAST SQUARES 1.2. OLS ESTIMATOR

Yi = ﬁ1 + 621}'2 + ﬁ;gxig —+ ...+ ﬁkSCzk + u; (17)

where u; is a normally distributed zero mean error term. You can rewrite ((1.7)) in compact

matrix notation as

y=X8+u (1.8)

where X is an n X k matrix of observations on the explanatory variables

_ - 1 T12 T13 ... T1k
X1
1 Tog T23 ... Tk
X2
X = X3 -
[ Xk
_xnl Tp2 Tp3 ... wnk_

B is a 1 x k vector of coefficients and u is an n x 1 vector of unobservable disturbances.
Estimation of 3 proceeds by minimizing the sum of squared residuals (SSR). Define the

sum if squared residuals function for any possible £ x 1 parameter vector b as

b = arg min SSR(B) = arg min(u'u) (1.9)
since u =y — X3 we can define (1.9) as

(y—XB)(y—XB)=y'y — BX'XB+2y(XpB) (1.10)
notice that the scalaIEI (XB)'y =y’ XB. Taking the first order conditions we get

OSSRB

B
—2(X'X)B+2X'y = 0

(X'X)B = X'y
(X'X)"M(X'X)8 = (X'X)"'X'y (1.11)

which yields the well-known B OLS estimator

B=(X'X)"'X"y (1.12)

I This can easily be verified if one looks at the dimensions of the X, y and B matrices.

11



1.2. OLS ESTIMATOR CHAPTER 1. ORDINARY LEAST SQUARES

The variance of the OLS estimator is derived as follows

VIBIX] = V[(X'X)"'X"y|X]
= V[(X'X)'X"(XB+u)|X]
VI(X'X)T' X' XB+ (X' X) ' X u| X]
= V[B+ (X'X)" X u|X]
= V[(X'X) ' X'u|X]
= (X'X)7X [VIulX]X (X' X))
= (X'X)'X'(0°IN) X (X'X)7?
= A(X'X)'X'X(X'X)™?!
= oA(X'X)?! (1.13)

1.2.1 Small sample properties of the OLS estimator
Unbiasedness
B = [X'X]I'X"y
— [X'X]'X'[XB + u]
= [X'X]T'X'XB+ [X'X] ' X u

= B+ [X'X]"'X'u (1.14)
taking the expectations of ,3
EB|X] = E[Bl+E([X'X] X u|X)
= B+ [X'X] ' X'Elu|7] (1.15)

since the orthogonality condition imposes Elu|z] =0

E[B] =P (1.16)

1.2.2 Asymptotic distribution of the OLS estimator

The following assumptions are required to derive the asymptotic properties of the OLS

estimator:

12



CHAPTER 1. ORDINARY LEAST SQUARES 1.2. OLS ESTIMATOR

1. the d.g.p follows y = X3 + u
2. data are independent over i with E[u|X] = 0 and E[uu/|X| = Q = diag[o?]
3. the matrix X is of full rank to that X3 = X3®@ iff gV = X33

4. the K x K matrix

N N
My =plim N 7' X'X = plim N "z =lim N~ ) Elz;x]] (1.17)
=1 =1

exists and is finite nonsigular

5. the variance covariance matrix
Mo, = plim N ' X uu'X = plim N ! Z uizsxl = lim N~ Z E[ulz;x}] (1.18)

Then the OLS estimator 3 is consistent for 3 and

VN(B = B) =" N0, M Moo M| (1.19)
Assumption [l|ensures F[y|X]| = X 3 and permits heterostedastic errors with variance o?,
more general than the homoscedastic uncorrelated errors that restrict 2 = ¢2I. Assumption

rules out perfect collinearity among the regressors. Assumption [ leads to the rescaling of
X'’X by N'. Note that by a law of large numbers plim = lim E.

Asymptotic Distribution The asymptotic distribution is interpreted as being applicable
in large samples, meaning samples large enough for the limit distribution to be a good
approximation but not so large that ,é —P 3 as then its asymptotic distribution would be
degenerate. The asymptotic distribution is obtained from by division by v/N and
addition of 3. This yields the asymptotic distribution

B~ N[B, NT M Moo, M.} (1.20)

which can also be expressed as
B~ N[B, [ X' X] ' X'QX [ X' X] Y] (1.21)
where [X’/X] 1 X’QX[X’X]! is V[B]. With homoscedastic errors is simplified

to

B~ N(B, o’ [ X' X] 7] (1.22)
because 2 = 021 so that X’QX = 0?X’X and hence M, = 0> M,,.

13



1.2. OLS ESTIMATOR CHAPTER 1. ORDINARY LEAST SQUARES

1.2.3 Robust Standard Errors

Heteroskedasticity-robust standard errors can be estimated for an OLS regression and are
implemented in Stata as the , robust option in the regress command. In order to do this

however we first need to produce an estimate of the OLS variance, which will be given by

the sandwich estimate:

V(8] = N' M, Moo, M, (1.23)
the trouble here being to estimate the filling of the sandwich ngw. One solution is to

use White’s robust standard errors which set Myq, = N~' > 4Zx;x} which can be seen as

a sample transposition from assumption [5]

14



Chapter 2
Generalized Least Squares

Error term normality condition can be considered unrealistic in several applications of eco-
nomic theory. Fortunately, this assumption may be relaxed in order to accommodate for both
heteroskedasticity and serial correlation. The Generalized Least Squares (GLS) estimator,
of which the Feasable GLS and the Weighted Least Squares estimators are particular cases
provide us with a robust variance-covariance matrix which is not only consistent but also
efficient, re-enabling inference over estimated coefficients. Stata has implemented a series of

routines to address both heteroskedasticity and serial correlation issues.

Heteroskedastic vs. homoskedastic errors

4 o
~

40

30
Il
30

20
1

10

* absu lowess absu x:{ | # absu lowess absu x#

Figure 2.1: Residuals plot
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2.1. GENERALIZED LEAST SQUAREMAPTER 2. GENERALIZED LEAST SQUARES

2.1 Generalized Least Squares

If we assume Q # 021 the OLS estimator will be inefficient and therefore needs weighting.
That is done with some simple algebra on the d.g.p. Needless is to say that Q = E[uu’|X] =
diag[o?] needs to be nonsigular

QO V2y=0"2X34+ Q2 (2.1)

reparametrizing Q~1/2y = §; Q12X = X and Q~/2u = @ we get

g=XB+u (2.2)

which produces the BG s estimator

Bers = [X'X]7'X'g
= [(Q7Y2X)(Q7V2X)]TH(QTV2X) 2y
= [X'Q'X]'X'Q 1y (2.3)
This would all be fine if €2, that is to say the shape of heterogeneity in the actual d.g.p,
was known. Instead, we specify that Q = €2(-), where ~y is a finite-dimensional parameter
vector, obtain a consistent estimate 4 of 4, and form Q = Q('y) This is called the feasible

generalized least squares (FGLS). FGLS is implemented in Stata for panel data only through

the xtfgls command. Its estimator is simply
Brers = [X'Q71X]1X'Q 1y (2.4)

where Q = diag[d2] and @2 = (y—«’B)2. Note that we cannot replace Q by € = diag[ii2]
as this yields an inconsistent estimator.

Similarly, the variance of the BFGLS will be

ViBers] = [X'Q1X]! (2.5)

and finally, the asymptotic distribution given by

VN(Brars — B) = N0, (plim N7' X'Q~1X)™!] (2.6)

16



CHAPTER 2. GENERALIZED LEAST SQUARES2.2. WEIGHTED LEAST SQUARES

2.2 Weighted Least Squares

If @ = Q(7) is misspecified, the FGLS will still be consistent but will yield the wrong
variance in (2.6]). Fortunately, a robust estimate of the variance of the GLS estimator can be
found even if €2()is misspecified. Specifically, define 3 = 3(+) to be a working variance
matrix that does not necessarily equal the true variance matrix = E[uu’|X]. Form an
estimate ¥ = 3(%), where 4 is an estimate of y. Then use weighted least squares with

weighting matrix 3. This yields the weighted least-squares (WLS) estimator

Bwrs = [X'E1X]71X'S Yy (2.7)

Statistical inference is then done without the assumption that 3 = €2, the true variance.

The WLS variance is derived in a similar fashion as its OLS counterpart in equation (?7).

ViBwislX] = V ([X'S7 X7 X'STXB + u))
— v ([X’2—1X]—1[X’2—1X]5 T [X’i—IX]—lx'i—lu)
= VA + [X' ST X' XSV XS X R X
= [X'EIX]TIXSTIOX ST XX (2.8)
nice, isn’t it? Notice that the conditional variance of the error €2 is weighted by -1

where € is such that

pim N ' X’S7 108 71X = plim N ' X/'S71Q8 X (2.9)

2:

In the heteroscedastic case Q = diag[i?], where @2 = y; — \BwLs

17
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Chapter 3
Model Misspecification

Model misspecification in regression has long been a well-recognized research problem. De-
pending on the applications, a misidentification of a variable X as a (or even the) cause of

Y may result in severe consequences. We present six forms of model misspecification.

3.1 Inconsistency of OLS

Inconsistency is not per se a cause of misspecification but rather a symptom of eitheir a poor
choice of a model functional form or of model endogeneity. Two key conditions are required

to demonstrate the consistency of the OLS estimator
1. thed.gp. isy= X3
2. the d.g.p. is such that plim N1 X’u =0

so that
B=B+[X'X]"'X'u—"p3 (3.1)

Now, if the plim does not converge to the true parameter value 3 we have inconsistency.
Notice that the misspecification can raise either from , that is to say, assuming an improper
shape for the d.g.p. or from if the plim of the error term does not converge to zero,

meaning endogeneity.

3.2 Functional form misspecification

As mentioned, a poor choice of functional form, say using a linear function to explain an

intrinsically nonlinear relationship will inevitably produce biased estimates.

19



3.3. ENDOGENEITY CHAPTER 3. MODEL MISSPECIFICATION

3.3 Endogeneity

Endogeneity is, possibly alongside with selection bias, the boogeyman of empiricists. Endo-
geneity means that E[u|X] # 0, i.e. that the error term is correlated with at least one of
the regressors. Endogeneity is often curbed with resources to Instrumental Variables (to be
exposed in chapter @ and can be tested via the Hausman test for endogeneity which
will be presented later on (see section . In panel models, endogeneity can be removed

provided it is time-invariant per unit of analysis through the Fixed Effectd]] estimator.

3.4 Omitted variables

The omission of variables is often pointed out as the first source of biased estimators. The
lack of controls, for example, will inflate the effects of the study variable as its value will
be intertwined with the contributions of other covariates. The solution for such horrendous
issue? Just add variables at you own leisure. Well, not quite, add covariates that make sense
in terms of economic theory and then use a Wald test to check whether the extra covariates
add value to the model. More specifically, we will be wanting to measure the impact of the
new variables in the model. Should they be irrelevant and their coefficient will be very close
to zero. In this sense the t-test, which is a squared version of the Wald test, will measure

the distance of the new coefficient to zero

t2 _ ﬁthst —0

Vi X*(h) (3.2)

3.5 Pseudo-true value

In the omitted variables example the least-squares estimator is subject to confounding in
the sense that it does not estimate 3, but instead estimates a function of 3, §, and «. The
plim of 3 of §* = (B 4 da) is referred to as the pseudo-true value. From the pseudo-true

value one can obtain the distribution of 3 even thought it is inconsistent for .

IThe fixed effects estimator is invokable in Stata by the xtreg yvar xvars, fe

20



CHAPTER 3. MODEL MISSPECIFICATION 3.6. PARAMETER HETEROGENEITY

3.6 Parameter heterogeneity

So far we have assumed error terms could vary across units of observation in what we call

idiosyncratic errors, as the i subscript in the regression model has been proof
yi = x;0 + (3.3)

Nevertheless it is quite conceivable that the slope of the parameter may not be equal for
all individual. If we then allow the marginal effect E[y;|x;] = 8 to vary we will be applying
a random coefficients model. The random coefficients model specifies 5; to be independently
and identically distributed over i with distribution that does not depend on the observables

x;. In such case the d.g.p. can be written as
yi = i+ (w + xi (B — B)) (3.4)

where we assume the regressors x; to be uncorrelated with the error term (u;+}(5;—f3)).

21
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Chapter 4
Panel Data Estimators

In cross-section models data is solely observed at a given point in time which impedes
dynamic analyses of reality or the study of behavioural persistency. With longitudinal models
this limitation is overcome as the unit of observation (individuals, firms, countries, etc.) is
repeated over 1" periods. Four panel data estimators are presented in this chapter: pooled
OLS, between and within estimator, first-differences and random effects. Because of its
relevance for practitioners greater relevance will be given to the fixed effects (or within)
estimator.

The linear panel data models assume the following specification
Yir = Oy + iB;tﬁ + €t (41)

where e, is iid over 7 and ¢. The fixed effects (fe) model (4.1]) treats «; as an unobserved
random variable that is potentially correlated with the regressors ax; If fixed effects are

present and correlated with x;; then models such as pooled ols will be inconsistent.

4.1 Pooled OLS

The pooled OLS estimator is obtained by stacking the data over ¢ and ¢ into one long
regression with N x T observations. The pooled OLS estimator relies on Cov[uy, €y = 0

to achieve consistency
Vi = o+ x B + uy, i=1,..N, t=1,...T. (4.2)

In practice however, the Covluy, ;] = 0 assumption often seems unrealistic. By taking
inter-temporal independence given one is implicitly considering contemporaneous individual

behaviour to be unrelated from past and future ones.

23



4.2. BETWEEN ESTIMATOR CHAPTER 4. PANEL DATA ESTIMATORS

A more reasonable approach is to expect considerable correlation in y over time, so that
Corr|ug, u;s) is high. T other words, the (likely) existence of fixed effects in a models specified
as pooled OLS will produce inconsistent estimates. This can be verified by disaggregating

the wu; error term

v = a+xh B+ (i — a+ei). (4.3)

Then the pooled OLS regression of y;; on x;; and an intercept leads to an inconsistent
estimator of @ if the individual effect «; is correlated with the regressors x;, since such
correlation implies that the combined error term a; — a+¢€;; is correlated with the regressors

via the constant «.

4.2 Between Estimator

The between estimator is a stupid estimator. It averages data at individual level, uses OLS

for estimation.

Ui=o; +EB+E
yi=a+xB+ (—a+§), i=1,..N. (4.4)

where §; =T 'Yy, & =T Y epand & =T 1Y, i

The between estimator collapses individual-level variability in one data point ignoring
changes across time and treating data as cross-sectional. It is consistent if the regressors ;
are independent of the composite error &; from . However, as said for the pooled OLS
model, such independence assumption is often unrealistic, breaking apart the robustness of

the model.

4.3 Within Estimator

The fixed effects or within estimator assumes unobserved individual-level heterogeneity, as
worker or team ability, to remain constant over time. Then longitudinal data allows the
removal of such unobservables simply by averaging it out both depent variable and covariates

over time. Such procedure will wipe out all time-constant unobservables (unfortunately it

24



CHAPTER 4. PANEL DATA ESTIMATORS 4.3. WITHIN ESTIMATOR

will also wipe out constant observables). Derivation is presented bellow

iiy“ = ZO‘ZJFZsztﬂJer:iEu

=1 t=1 i=1 t=1 i=1 t=1

N T N N T N T
ZZ (yir — = Z(Oti — Q) +ZZ(mit—fi)lﬂ+Zz (€t —
i=1 t=1 i=1 i=1 t=1 i=1 t=1

N N

Z?Ji = Zwﬁ'zfz (4.5)

which can be written in the following matrix notation
j=XB+¢é (4.6)

solving the problem of the minimisation of the sum of squared residuals as for the OLS

estimator we get the fe estimator By,
B = (X' X)) X"j (4.7)

which in a more intuitive index notation equals
N
Bre = > (&))" il
N T N
= Z Z [(wzt — & ) Tt — Z wzt yzt y_z) (4-8)

Only the within estimator and the first-differences estimator (presented in section
provide consistent estimates for fixed- random- and mixed-effects model specifications. No-
tice that in spite of this result, relative efficiencies of the within estimator will vary, as
discussed in section E3.4

4.3.1 Estimating the fixed effect

In some cases it may be of interest to compute the estimate from the fixed effect itself.
Although such computation may seem at a first glance hard to achieve, after all the a; term
is dropped early in the estimation process, in practice a little algebra is all that is required

to obtain &;. Specifically, by decomposing y;t from the estimator equation we get

25



4.3. WITHIN ESTIMATOR CHAPTER 4. PANEL DATA ESTIMATORS

Bre = Z Z (i — &) (i — @) Z t1(@it — &) [(Oﬁ +aBre) — Ui

Bre = (@u—)7" [(i+2lBr) — )]
(wit - "Ei)//éfe = o; + wztﬁfe - i
—z(Bre = ;i — i

which is equal to
di = y_z — CU;Bfe. (49)

4.3.2 Within estimator Consistency

The within estimator of B3 is consistent if plim(NT)™' 3. >~ (zi — &;)(gx — &) = 0. This
should happen in either 7" — oo or (more likelly for panels) N — oo and

Eley — &lxy —x;] =0 (4.10)

whose proof is identical to the OLS estimator consistency proof.

4.3.3 Variance of the Within Estimator
We begin with the basic panel model from (4.1))
Yit = o + B+ € (4.11)

to which the individual averages are subtracted from, as shown in ({4.5))

SN i) =D (i —a) + 3D (@i~ &8I D (e — ). (4.12)

=1 t=1 =1 =1 t=1 =1 t=1

The previous equation can however be expressed in the following matrix form

Qu; = QX8 — Qe; (4.13)

where @) is a T' x T' matrix whose permutation with variables creates their deviations for
the mean

26



CHAPTER 4. PANEL DATA ESTIMATORS4.4. FIRST-DIFFERENCES ESTIMATOR

where I is T'x T identity and e is a T x 1 vector vector of ones. As in the index notation
case Qay; is absorbed by its mean due to lack of intertemporal variance. The estimation of

the variance is computed as for the OLS estimator and produces
~1

N —1
V[Bye] = [Z X/Q'QX;| V[Qei|X:]QX; [Z XéQ’QXi] (4.15)
i=1

4.3.4 Hausman Test

One of the possible applications of the Hausman test (presented in detail in section of
chapter is to identify the existence of fixed effects in panels. This is done by comparing
the consistency of the random and fixed effects (within) estimator. The fe estimator will be
consistent in the presence of either fixed or random effects (albeit inefficient in the latter).
The RE estimator however will only be consistent (and efficient) in the presence of random
effects, making biased estimates for fixed effects. One can therefore test the presence of fixed
effects by hypothesising on the statistical significance of the difference between estimators.
We begin by assuming that the true model is the random effects model with «; iid [0, o]
uncorrelated regressors and e iid [0,02]. Then the estimator BRE is fully efficient and the

Hausman test statistic is

H = (Bire — B1,fe)/[v[51,fe] - V[Bl,RE]]i%Bl,RE - Bl,fe) (4.16)

where ; denotes the subcomponent of § corresponding to the time-varying regressors
since only those can be estimated by the within estimator. This test statistic is
asymptotically Chi? (dim[3,]) distributed under the null hypothesis. Its full derivation is
available in chapter [10] section [10.2] Stata provides a somewhat sluggish implementation of
the Hausman test. The test is done via a two-step procedure. In the first step the efficient
model (here RE) is estimated and coefficients stored. In the second step the inefficient but
consistent model is estimated. After this the command hausman <efficient> will test the
null that the true model is the RE.

4.4 First-Differences Estimator

The first-differences begins by using the individual-specific effects model (4.1]) which is then
lagged and subtracted

Yit — yi,t—l = (mit — wi7t_1)//6 + (5“ — 52'7,5_1), Z = 1, N, t = 2, T (417)

as the individual specific «; term is cancelled out.
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4.5 Random Effects estimator

An alternative variant of the model (4.1)) is the random effects (RE) model which assumes
that the unobservable individual effects a; are random variables distributed independently

of the regressors

Qy ~ [Oé, 0-3]

i ~ [0,02]. (4.18)

The RE model usually subsumes «; into a composite error term u;; = «; + €;;. However,

«; is often normalised to zero mean through the addition of a nonrandom scalar intercept
coefficient u so that

Yit = b+ Ty 5 + wiy. (4.19)

Then we can say that

0.2

Cov [(Oél + 81',5), (O./i + 51‘5)] = “ (420)

2 2
o, +o;.

The RE model therefore imposes the constraint that the composite error term wu; is
equicorrelated, since Corrlu;, u;| = 02 /[02 + 02| for t # s does not vary over time with

the time difference ¢t — s.

4.6 Unbalanced Panel Data

Real world data sets often face drop offs of individuals over time as well as missing years.
In such cases the fe estimator will remain consistent if the strong exogeneity assumption
becomes

Eluit|a, @i, ..., @ip, dia s ...y, dir] = 0 (4.21)

where d;; is a dummy equal to one if the itth observation is observed and zero otherwise.
At times it may be convenient to convert unbalanced panels into balanced ones by choos-
ing only those individuals with observations in every year. Such procedure will nevertheless
lead to loss of efficiency in estimation and potentially drive an attrition bias. Attrition bias
occurs when observations are lost in an non-random manner. For example, individuals
with unusually low incomes may be more likely to miss out some observations in the panel.
Alternatively to deleting individuals with missing data one can also consider data impu-

tation based on existing data.
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4.7 Dynamic Models

We now add a dynamic component (one of the regressors is the lagged dependent variable)
to the panel model with individual-specific effects. Notice that by adding this covariate all

previously presented panel estimates will be inconsistent. The model is hence defined as
Yit = VWir1 + Tip 1B+ i+ . (4.22)

We begin by assuming stationarity, || < 1, and absence of serial correlation in &;.
An important result is that even if «; is a random effect, OLS estimation of (4.22)) is
inconsistent as ;1 is correlated with the unobserved a; and hence with the composite

error term oy + €;;.

4.7.1 True State Dependence and Unobserved Heterogeneity

One important issue that needs to be dealt with in a dynamic model is the time-series
correlation in y;; that will now be induced by y;,—; in addition to «;.
Let us begin by assuming 8 = 0 in (4.22)). Then

Elyilvii-1, ] = YiYiz—1 + o (4.23)

and Cor|yit, Yit—1|coi] = 7. The issue though is that «; is really unknown so what is in

fact observed is
Elyulvit-1] = viYir—1 + Eloulyi -] (4.24)

and Cor|y|yit—1] # 7. Specifically, if we assume serial uncorrelated errors, Cor|e;, ;1] =
0 and B = 0 we get

Corlyit, Yyir—1] = Corly, Yiz—1 + o + i, Yir—1

= v+ Cor|a;, yit—1]
(1—7)
L+ (1 —=7v)o2/(1+~)o?

= v+ (4.25)

which makes it clear that are two possible reasons for correlation between v;; and v;;1:

e true state dependence: occurs when correlation over time is due to the causal

mechanism that links the two periods over time (|| > 0. Has economic meaning;

e unobserved heterogeneity: arises even when there is no causal mechanism so v = 0

but Cor(y, yiir—1] = 02 /(02 + 02);
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4.7.2 Inconsistency of Standard Panel Estimators

All previously presented panel estimators are inconsistent under a dynamic model setting:

e OLS: composite error term (o; +¢) is correlated with y;;—; via o, as y; 11 = YYir—2 +

! .
wi,t71ﬁ + o + & -1;

e within estimator: the regressor (y;;—1)—¥;) is correlated with (¢;; —&;). Consistency

requires &; to be very small in relation with e;;

e random effects: since it is a combination of the within and the between estimator it

is also inconsistent;

e first differences: also inconsistent, but one IV approach proposed by Arellano and

Bond leads to consistent estimates.

4.8 Arellano-Bond Estimator

The dynamic model presented in (4.22)) leads to the following first differences equation

Yit — Yiro1 = Y Yit—1 — Yizr—2) + (@it — Xi—1)' B+ (gt — €i4-1) (4.26)

which is inconsistent because ¥, ;1 is correlated with ¢; ;1 via its own equation. Therefore
the regressors (y; 1—1—¥i—2) and (€;;—¢;¢—1) will be correlated in . Anderson and Hsiao
(1981) proposed estimating using an IV estimator where y;;—» would instrument
(Yit—1 — Yir—2). If we assume the error term €, to be not to be serially correlated, y; ;o will
be a valid instrument. Furthermore, y; ;o is a good instrument as it will be correlated with
(Yit—1 — Yir—2). Anderson and Hsiao also present results suggesting that under the usual
7 > 0 the IV estimator will be more efficient if Ay, ;5 is used as instrument instead. Finally,
a more efficient estimation can be achieved if the model is overidentified, that is to say,
if additional lags of the dependent variable are added to the model. In such cases estimation
should be computed via 2SLS or panel GMM.

The resulting panel GMM estimator is known as the Arellano-Bond estimator and given

by

-1

N N
B — [(z X;zi) W (z z;z@)
=1 =1
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4.8. ARELLANO-BOND ESTIMATOR

where X; is a (T — 2) x (K + 1) matrix with the ith row (Ay,,_1, Ax,), t =3,.., T, ¥;

is a (T'— 2) x 1 vector with the tth row Ay, and Z; is a (T — 2) X r matrix of instruments

0
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Chapter 5
Maximum-Likelihood

The ML estimator holds special place among estimators. It is the most efficient estimator
among consistent asymptotically normal estimators. For a fixed set of data and underlying
probability model, maximum likelihood picks the values of the model parameters that make
the data "more likely” than any other values of the parameters would make them. The
likelihood principle, due to R. A. Fisher, is to choose as estimator of the parameter vector 6,
that value of # that maximizes the likelihood of observing the actual sample. In the discrete
case this likelihood is the probability obtained from the probability mass function; in the

continuous case this is the density.

5.1 Likelihood function

The joint probability mass function or density f(y, X|€) is viewed here as a function
of 6 given the data (y, X). This is called the likelihood function and is denoted by
Ly (8|y, X). Maximizing Ly[0)] is equivalent to maximizing the log-likelihood function

Ln(0) = In Ly () (5.1)

We take the natural logarithm for the sake of simplicity in computing the objective

function.

5.2 Objective Function

For cross-section data the observations (y;, x;) are independent over ¢ with conditional den-

sity function f(yi|x;,0). Then by independence the joint conditional density f(y|X,) =
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Hﬁil f(yilxiy ), leading to the (conditional) log-likelihood function
Notice that the only difference between the likelihood and the objective function is the

N~! normalization present in the objective function.
N
Qn(0) = N'Ly(0) = In f(yilzi,0) =0 (5.2)
i=1

5.3 Maximum Likelihood Estimator

The maximum likelihood estimator (MLE) is the estimator that maximizes the (conditional)
log-likelihood function and is clearly an extremum estimator] Usually the MLE is the local

maximum that solves the first-order conditions

N

O0LN(0) _ Oln f(yi|xs, 0)
06 Z 00

(5.3)

i=1
The gradient vector 0Ly (6)/00 score vector, as it sums the first derivatives of the log

density, and when evaluated at ¢ it is called the efficient score.

5.4 Information Matrix Equality

The ML regularity conditions are the following

B, (%@‘”’9)) =0 (5.4)
9?1n f(y|x, 0) B Oln f(y|x,0) 0ln f(y|x, 0)
— B ( 5600’ ) =& ( 00 00’ ) (5:5)

where (5.5)) is a quite relevant practical result as it facilitates the computation of the
information matrix. The information matrix is the expectation of the outer product of

the score vector,

_ . (O£n(0)9LN(0)
I_E( 00 00 ) (56)

For log-likelihood function ([5.2]) the regularity condition (/5.5 implies that

lextremum estimators are those that are calculated through maximization (or minimization) of a certain

objective function, which depends on the data
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) (5.7)
o

o (@] (9£x(8) L)
T\ o600 |, T\ oo oo

which is known as the information matrix (IM) equality.

5.5 Distribution of the ML Estimator

The distribution of the ML estimator will be consistent under the following assumptions

1. the d.g.p is the conditional density f(y;|®;,60) used to define the likelihood function
2. the density function f(.) satisfies f(y, 1) = (y,0?)) iff ) = 6@

3. the matrix

: D*Ln(0)
o —1 N
Ag =plim N 9090 . (5.8)

exists and is finite nonsingular (think of it as analogous to the plim N~' X’X in OLS)
4. the order of differentiation and integration of the log-likelihood can be reversed
Then the ML estimator éML, defined to be a solution of the F.O.C.
VN (Oprrr, — 0) = N0, —Ag] (5.9)

The resulting asymptotic distribution of the MLE is often expressed as

R 2L0)71\ "
Onp ~° 0. —-F 1
which is again quite similar to the OLS asymptotic distribution. The plim operator used
for defining Ag in equation (5.8 is replaced by lim E' and then drop the limit. The right-

hand side of ([5.10)) is the Cramer-Rao lower bound (CRLB), which from basic statistics

courses is the lower bound of the variance of unbiased estimators in small samples. The

MLE has the strong attraction of having the smallest asymptotic variance among root-N
consistent estimators. This result requires the strong assumption of correct specification of
the conditional density.
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5.5.1 Poisson regression Example

We shall begin with the example of what is perhaps the simplest m-estimator, the Poisson
regression model. Recall that the Poisson distribution is a discrete distribution characterized

by an expected value A that equals its variance. The f(y|\) density function equals

fylA) = w (5.11)

The log-likelihood density will be given by
Inf(y;)) = —=A+y;InA—Iny! (5.12)

and the @y () objective function
N
Ly(N) =) [-A+ynA—Iny,! (5.13)
i=1

the first order conditions are taken in relation to 3

OLN(N)
o\

= Score = 0 (5.14)

the Score matrix being the partial derivative in terms of A. In this case we will have

OLN(N)
oA

Il
>

@
Il
-

N =

>

@
Il
—

>
I
==

@
Il
—

(5.15)

5.6 Quasi-Maximum Likelihood

The quasi-MLE éQ ML is defined to be the estimator that maximizes a log-likelihood func-
tion that is misspecified, as the result of specification of the wrong density. Generally such
misspecification leads to inconsistent estimation. In terms of intuition, the QML concept is

closely related to the pseudo-tru value misspecification presented in section [3.5]
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5.6.1 Pseudo-True Value

The quasi-MLE éQ M converges in probability to the pseudo true value 8* defined as

0" = arg r(glaé([plim N~'Ly ()] (5.16)
S

The probability limit is taken with respect to the true d.g.p. If a misspecification of the
density occurs then the true d.g.p differs from the assumed density f(y|x, ) used to form
Ln(0) and 8* # 0y will imply that the quasi-MLE is inconsistent.

5.6.2 Linear Exponential Family

Exponential family is a class of probability distributions sharing the form

flylp) = expa(p) +b(y) + c(pu)y (5.17)

It is said that such distributions belong to the linear exponential family (LEF) of density
functions. Its big advantage is to provide consistency even when the density is partially
misspecified. Asides from that, LEF form is chosen for mathematical convenience, on account
of some useful algebraic properties, as well as for generality, as exponential families are in a
sense very natural distributions to consider. The mean parametrization for the LEF is such
that u = Elyl.

Distribution fly) =expa(p) +b(y) +c(y  Ely] V=[]
Normal (02 is known) exp ;T“; — s In(27w0?) — % + Ly i o’
Bernoulli expln(l —p) +In[p/(1 —p)ly w=p (1l — p)
Exponential expln A — \y =1t 2
Poisson exp—A—Iny!l+yln A = A 14

Table 5.1: LEF densities

As can be seen on LEFs are very special cases. In general, misspecification of any
aspect of the density leads to inconsistency of the MLE. Even in the LEF case the quasi-MLE
can be used only to predict the conditional mean whereas with a correctly specified density

one can predict the conditional distribution.
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5.7 Numerical Maximization

The integrals encountered in a basic calculus course are deliberately chosen for simplicity;
those found in most m-estimators however are not always so accommodating. In such cases,
where no closed-form antiderivatives can be found one needs to resort to numerical methods
in order to proceed with the estimation of the desired coefficients. We present here the
four algorithms implemented in Stata via the , technique(’’algorithm’’) option in m-
estimators: Newton-Raphson (NR); Berndt-Hall-Hall-Hausman (BHHH); Davidon-Fletcher-
Powell (DFP) and Broyden-Fletcher-Goldfarb-Shanno (BFGS).

5.7.1 Newton-Raphson

The NR algorithm is the standard numerical maximization algorithm. It simply maximizes

the second order of a Taylor approximation to the log-likelihood objective function @y (3;11)

0Qn(B) | 1 ,02Qn(B)
o5 5 (Bt = Bi) W(ﬂiﬂ —Bi)  (5.18)

The method then finds the value of 3;;; that maximizes this approximation to Qx(5;41)

IQN(Biy1) IQn(B) | ?Qn(B)

Qn(Bir1) = QN (Bi) + (Bix1 — Bi)

it - ap + dBOS! (Bisr — i) =0
POnB) 5 gy — 99N
opop T T 0B
_(2*Qn(B) T 9QN(B)
= = _( 9508 ) o5
82 716
wa = 0 () S5 319

In order to address the case where NR algorithm steps past the maximum log-likelihood

value we can introduce a scalar A which accounts for the step size. This way we modify

(5.19) by adding A
(5.20)

8*Qn (8) ) L aQN(B)
0p0op! op

The NR procedure has two drawbacks. First, calculation of the Hessian is usually

Biv1 =B+ A (—

computation-intensive. Procedures that avoid calculating the Hessian at every iteration

can be much faster. Second, the NR procedure does not guarantee an increase in each step

—1
if the log-likelihood function is not globally concave. When —H ! = — (%) is not

positive definite, an increase is not guaranteed.
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5.7.2 Berndt-Hall-Hall-Hausman

BHHH (and commonly pronounced B-triple H), proposed using this relationship in the nu-
merical search for the maximum of the log-likelihood function. In particular, the BHHH
procedure uses B; in the optimization routine in place of —H~!. Each iteration is defined

by
Big1 = Bi + AB;laQaLﬁ(ﬁ) (5.21)

which is the same as in NR except —H ! is substituted by B~!, which equals

Bi =Y N 'sn(B)sn(Bi) (5.22)
i=1
and sy (8;)sn(B;) equal to
[ slsl  slg2 slgh |
sls?  s2g? 52 gk
SN(ﬁi)SN(ﬁi), =
slgk g2 gk sk gk

In other words the substitution of —H~! by B~! means that instead of the Hessian we

are now maximizing the outer product of the scores.

5.7.3 Davidon-Fletcher-Powell and Broyden-Fletcher-Goldfarb-Shanno

The DFP and BFGS methods calculate the approximate Hessian in a way that uses in-
formation at more than one point on the likelihood function. If the function is quadratic,
then information at one point on the function provides all the information that is needed
about the shape of the function. These methods work well, therefore, when the log-likelihood
function is close to quadratic. In contrast, the DFP and BFGS procedures use information
at several points to obtain a sense of the curvature of the log-likelihood function. The DFP
and BFGS procedures use these concepts to approximate the Hessian. The Hessian is the
matrix of second derivatives. As such, it gives the amount by which the slope of the curve
changes as one moves along the curve. The Hessian is defined for infinitesimally small move-
ments. Since we are interested in making large steps, understanding how the slope changes
for non-infinitesimal movements is useful. An arc Hessian can be defined on the basis of how

the gradient changes from one point to another.
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Chapter 6
Binary Response Models

Discrete outcome or qualitative response models are models for a dependent variable that
indicates in which one of m mutually exclusive categories the outcome of interest falls. Binary
outcomes are simple to model and estimation is usually by maximum likelihood because the
distribution of the data is necessarily defined by the Bernoulli model. If the probability of one
outcome equals p, then the probability of the other outcome must be (1p). The two standard
binary outcome models, the logit and the probit models, specify different functional forms
for this probability as a function of regressors and can be seen on figure [[1] The difference
between these estimators is qualitatively similar to use of different functional forms for the

conditional mean in least-squares regression.

-10 -5 0 5 10

+ normal logit

Figure 6.1: The Logistic and Normal c.d.f.
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6.1 General Binary Model

We begin by presenting a generalized version of the estimation process for binary models
that is valid for both the logit and the probit models. We then proceed with the derivations

of those models which are of particular interest for empirical researchers.

6.1.1 General Binary Outcome Model
For binary outcome data the dependent variable y takes one of two values. We let

) 1 with probability p,
Y 0 with probability 1 — p.

A regression model is formed by parameterizing the probability p to depend on a regressor
vector x and a K x 1 parameter vector 3. The commonly used models are of single-index

form with conditional probability given by
pi = Prly; = 1|a] = F(z}3) (6.1)

where F(.) is a specified c.d.f. function. Usually we will work with p; = F(x.3).

6.1.2 ML Estimation

The Bernoulli distributed independent sample (y;, @;),7 = 1,..., N is characterized by the
following p.d.f.

flyiles) = pf'(L—pi)' ™, y=0,1 (6.2)
where p; = F(x}3). Notice that this the yields probabilities p; and (1 — p;) since f(1) =
p'(1 —p)° and f(0) = p°(1 — p)!. The log-density is given by

In f(yslzs) = wilnp; + (1 —w;) In(1 — p;)
= yilnF(x;B) + (1 —y;) In F(z;0) (6.3)

and consequently the log-likelihood by

Ly(B) =)yl F(aiB)+ (1 - y;)In(1 - F(}8)) (6.4)

i=1
Now, according to the used model, different c.d.f.’s will fill in the F'(x[3) places. Next

comes the first order conditions
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I9LN(B)
B

Y P - S al) = 0

2 Faip) P T Fap)
[ Py + (L= ) F@if) o
Z Fapl - Fap) 0 T
al Yi — ,/8)+F( ﬁ)_ylF(w{ug) o o
2 A= P e =0
ZF AT (65)

There is no explicit solution for BMLE but one can apply numerical methods as the
Newton-Raphson algorithm (see section [5.19)).

6.1.3 Consistency of the MLE

The MLE is consistent if the conditional density of y given x is correctly specified. Since the
density here must be the Bernoulli, the only possible misspecification is that the Bernoulli
probability is misspecified. So the MLE is consistent if p; = F(x;8) and is inconsistent

otherwise
Eyl=1xp+0x(1—p)=p (6.6)

which implies
Blyilw:] = F () (6.7)

Given correct density specification we get the ML asymptotic distribution

Barr, ~* N {B, (_EB%;Z’)Dl} (6.8)

6.2 Logit

We begin with c.d.f. of the logistic distribution

exp(z’3)
Aaz'B) = T oxp(@f) (6.9)
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which specifies the following model density:

flyilziB) = AxiB)" [1 — A(=iB)]' (6.10)
and hence the log-density
In f(yi|xiB) = yi In A(@iB) + (1 — y)[1 — Ax;B)] (6.11)
Then the objective function will be
N
Ln(B) = D wnA@iB) + (1 —y)[l — Az;0)]
Z? N N
= > wlnA@B)+ ) [1-A@iP) - Y wll - A@iB)]  (6.12)
i=1 i=1 i=1
The Score vector will be given by the F.O.C[]
ULB) _ DLulS) e
)¢ ( 8) "o
_ N@iB)  ~[1-A@B) < 1— z;))
= LU T T A@) Zyz - ﬁ)
_ N MBI A@B) A A;B)]
= Zy A@B) Z < B T
N
’ﬁ 1— AziB)]
Z /5) Li

N

= D ull - A@iB)w: = D AwliB)zi + Y yik(@iB)e

=1

N
= Zyz — Mz;B)x
=1

(6.13)

So we have the score vector. The B estimate however will need to resort to numerical

procedures in order to be found. The hessian matrix given by the S.O.C. will be

Inotice that the logistic c.d.f. has the convenient property that A’(.) = A(.)[1 — A(.)] and A”(.) =

[1=2A0)JAC)[ = AQ]-
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O’Ln(B)  dScore  A(x;B)
0808~ OA@:p) " 0P

N
= —N) N(@B)wa]
=1

N
= SN A@) - A

(6.14)
6.3 Probit
Again, we begin with the well known c.d.f. of the normal distribution
L CORY O (6.15)
-1
where the p.d.f. ¢(z) is
1 —22
— - 6.16
o) = = () (6.16)
the conditional density of the model is
fyilziB = o(xiB)"[1 - ¢(x;B)]' " (6.17)
which yields the log-density
In f(yilziB) = yiln®(xiB) + (1 —y;) In[l — &(ziB)]
= yiln®(xB) + In[l — &(z;B)] — y: In[l — &(x;B)] (6.18)
The objective function @y (3) will be
N
Lx(B) =) yiln®(@B) + [l — &(x;B8)] — y; In[1 — &(z;B)] (6.19)
i=1
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and the F.O.C.
ILN(B) _ aLN(ﬂ) . 9%(@ip)
o 00 (x;3) op
B N 1 I C.12) B . 1)
- Z*y SB) " M- o@p)] - e
R A I Ce) .
= LGt T el Y
_ i[ — 0 (@8)]ly; — o(@8)x:] — D(«}B)[o(@iB)m; — yisd(a|B)i]
i=1 CD@;ﬁ)[l - CIJ(a:;,B)]
_ i yid(a}B)z; — ©(@,B)yid(}B)z; — ©(@B8)d(x}8)x; + D(2}B)yid(a}B)z;
i=1 @(m;ﬁ)[l - (I)(wiﬁ)]
- o@B)E ]y — d(xB)]
= 2 o) - e (6:20)

yeah,so I guess Econometrics does beat Physics.
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Chapter 7

Duration Analysis

Kaplan-Meier survival estimate

75

L
[}
= 4
0 50 100 150 200 250
analysis time
| 95% ClI Survivor function |

Figure 7.1: Kaplan-Meier estimate of US strike duration

Duration analysis models the length of time individuals remain in a given state before tran-
sition to another state occurs. Originally developed by biostatisticians and epidemiologists
the field has several applications in economic sciences, particularly in labour and industrial
economics. Typical examples of applications include strike (as in ﬁgur and unemployment
duration, industry evolution or self-employment spell maturity.

Duration analysis models need to deal with a relatively large number of issues. First,
both duration as well as the probability of transition need to be modelled via a wide set of

distributional functions. Second, there are two sampling method impacts analysis: stock
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sampling refers to sampling in the survey period from the stock of individuals who are then
in a given state. Flow sampling means that we sample those who enter the state during
a particular interval. Third, the data on the duration of a spell is often censored. This is a
major reason for modelling transitions rather than mean duration. Forth, several states and

destinations of transitions can occur.

7.1 Key Concepts

Duration is a state in a nonnegative random variable, denoted 7', which in economic data is
often a discrete random variable. The cumulative distribution function (c.d.f.) of T is
denoted F(t) and the density function is f(t) = dF(t)/dt. Then the probability that the

duration or spell length is less than ¢ is
F(t) = Pr[T <t
t
= / f(s)ds. (7.1)
0

A complementary concept to the c.d.f. is the probability that the duration equals or

exceeds t, called the survival function, which is defined by

S(t) = PrT >t
= 1-—F(t) (7.2)

The survivor function is monotonically declining (oh really?) from one to zero since the
c.d.f. is monotonically increasing from zero. If all individuals at risk eventually transit from
one state to another S(oo) = 0. Otherwise S(co) > 0 and the duration distribution is called
defective. The sample mean of a completed spell length is the integral fooo wf(u)du. In

other words, the mean duration equals area under the survival curve

E[T] = /0 T Pu))du — /0 " S(u)du. (7.3)

Another key concept is the hazard function, which is the instantaneous probability of

leaving a state conditional on survival to time t. This is defined as

Prit<T ALT >
A0 = i rlt < <Att+ tHT > 1
n

[
= S (7.4)
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7.2. CENSORING

It is easily verifiable that the hazard function equals the change in the log-survivor

function,

A(t) = w (7.5)

Finally the cumulative hazard function

At) = /0 tA(s)ds

= —InS(¢) (7.6)
Function Symbol Definition Relationships
Density f(t) f(t)=dF(t)/dt
Distribution F(t) Pr[T<t] F(t)=["f(s)ds
Survivor S(t) Pr[T>t] S(t)=1-F(t)
Hazard At)  limy, o ZHAET<ERTZE 5 (6)=f(t) /S(t)
Cumulative hazard  A(t) J5° Als)ds A(t)= —1In S(t)

Table 7.1: Duration Analysis: Definitions and Key concepts

7.2 Censoring

Survival data are usually censored, as some spells are incompletelly observed. Data may be

right-, left- or interval censored. Right-censored data spells are observed from time 0 up

to a censoring time c.
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Chapter 8

Generalized Method of Moments

The most important assumption made for the OLS is the orthogonality between the error
term and regressors. Without it, the OLS estimator is not even consistent. Since in many
important applications the orthogonality condition is not satisfied, it is imperative to be
able to deal with endogenous regressors. The estimation method called the Generalized

Method of Moments (GMM), which includes OLS as a special case, provides a solution.

8.1 MM Estimator

We begin by defining the orthogonality condition on the assumption of the existence of r

moment conditions for ¢ parameters
Elh(w;,60)] =0 (8.1)

where 0 is a ¢ x 1 vector, h(.) an r x 1 vector with r > ¢ and 6y denotes the value of 8 in the
d.g.p. Notice that the vector W' is an aggregate vector of one or more dependent variables
y, the independent variables X including some potentially endogenous covariates as well
as a vector of their instruments Z. The choice of h(.) is analogous to the choice of model
specification in say, m-estimation methods. Due to the immense versatility of the GMM
model, any econometric specification can fit to h(.), from OLS to maximum likelihood.

From the population condition stated in (8.1]) we derive its sample counterpart
N
N™) h(w;,0) =0 (8.2)
i=1

If we have a just identified model with » = ¢ then 1} will produce a 0 estimate by

minimizing the following objective function
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Which is equivalently to minimize

argmln QN ( Z(wue)> <N_1 Z(w190)> (83)

If however r > ¢ then we have an overidentified model and 1} has no solution for 6 as
there are more r equations then ¢ unknowns. Therefore we need to introduce a weighting
matrix Wy in the (8.3)) objective function

arg min QN( ( Z(wue)) Wiy (N_l Z(wue)) (8'4)

where W is an r x r symmetric positive definite, possibly stochastic with finite probability
limit weighting matrix. Differentiating Qn(8) in respect to (8.3) we get the GMM F.O.C.

9Qn(0)
90 |,

) Wy (Nlihi(é)) =0 (8.5)

which will typically be solved with the numerical solutions presented in section [5.7]

0

-1 al awzaé
(N 3 2w

i=1

8.1.1 Distribution of the GMM estimator

The following propositions are required for the deriving the GMM estimator distribution
1. the d.g.p. imposes the moment condition that is, E[h(w;,00)] =0
2. the r x 1 vector function h(.) satisfies h(w, M) = h(w,8@) iff 61 = ()

3. the following r x ¢ matrix exists and is finite with rank ¢

Go =plim N~ Z <ZZ, ) (8.6)

4. Wy —P W, where Wy is finite symmetric positive definite

5 NV hile, —? N0, S(0g)] where

N N
=plim N™"> ) “[hih|g,] (8.7)

=1 j=1
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Then the GMM estimator gy, defined to be the root of the f.o.c. 0Qn(0)/00 is

consistent for 8y and

VN (Ocrin — 00) =% N[0, (GAWoGo) ™1 (G WoSoWoGo ) (GLWoGo) ] (8.8)

8.2 Optimal GMM

The optimal GMM will be given by the Wy that achieves the smallest asymptotic variance
given the chosen h(.) model specification. For just-identified models the MM estimator is
obtained for any full rank weighting matrix, so Wy is usually set as Wy = I,. This is
visible in equation . For overidentified models » > ¢ and Sy known, the most efficient
GMM estimator is obtained by setting Wy = Sy *. The Qx(6) objective function will then
be given by

arg min Qy(0) = (N‘1 Z('w 9)) St (N—l Z(wi, 9)) (8.9)

where G is defined in equation and S! is the inverted (assuming 8 invertible)

matrix N
S7 =Y hi(6)hi(6) (8.10)
=1

The optimal GMM estimator will then follow the limit distribution

VN (Bcarnr — 60) =% N[0, (G S5 Go) ™Y (8.11)

which, if you notice is actually remarkably similar to the ML limit distribution with a
weighted outer product of the F.O.C.’s.

8.2.1 Number of Moment Restrictions

In general adding further moment restrictions improves asymptotic efficiency, as it re-
duces the limit variance (GHSy ' Go)~" of the optimal GMM estimator or at worst leaves
it unchanged. The benefits of adding further moment conditions vary with the application.
For example, if the estimator is the MLE then there is no gain since the MLE is already
fully efficient. The literature has focused on IV estimation where gains may be considerable
because the variable being instrumented may be much more highly correlated with a combi-

nation of many instruments than with a single instrument. There is a limit, however, as the
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number of moment restrictions cannot exceed the number of observations. Moreover, adding
more moment conditions increases the likelihood of finite-sample bias and related problems

similar to those of weak instruments in linear models.
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Chapter 9
Instrumental Variables

The instrumental variables (IV) estimator provides a way to address endogeneity issues
(corr(X,u) # 0). An obvious alternative to solve this issue would be through a randomized
experiment, but for most economics applications such experiments are too expensive or even
infeasible. The IV approach consists in using an instrument 2z which will be able to explain

changes in x without the covariance effect upon w.

9.1 1V Estimator

The most simple case for the IV estimator is to assume the existence of a single scalar

instrument z. We begin the derivation from a generic model

Y=XF+u (9.1)

X'Y = X'Xf + X'u (9.2)

In the endogeneity case we know that X'u # 0. Therefore, we need to apply a vector
instrument Z in order to observe that orthogonality condition and hence obtain a consistent

estimate. Therefore

Z'Y =7Z'Xp + Z'u (9.3)
which under the LS minimizing condition turns out to yield
Bry = [Z'X]'Z'Y (9.4)
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The corresponding sample estimator is given by

Brv = [Z'X]'Z/(XB + u) (9.5)
Bry = [Z'X]7Z'X]8 + [2/X] ' Z'u (9.6)
Bry =B+ [N'Z'X]"'N'Z'u (9.7)

Instrument Quality The IV estimator will be consistent if the following two conditions

are verified

plim N 'Z'u=0 (9.8)

plim N7'Z'X # 0 (9.9)

Both conditions are necessary for consistency. However, a good instrument will also be
characterized by a strong correlation with the X vector it is instrumenting. That is the
hidden imposition from equation . Now, with heteroscedastic errors, the IV estimator
is asymptotically normal with mean  and variance matrix consistently estimated by the

following sandwich type estimator
V] = [ZX] ' Z2'QZ[Z'X] ! (9.10)

Identification Identification issues arise when the number of unknown parameters is
greater than the number of known parameters. In y = 2x + z, we have three unknowns
(x,y and z) for only one equation, making it unidentified. The order condition requires
that the number of instruments must at least equal the number of independent endogenous
components, so that » > K. The model is said to be just-identified if r = K and overiden-
tified if r > K. The previous IV estimator is an example of a just-identified model, where
the number endogeneous regressors is equal to the number of instruments. The two-stage
least squares model, that will be presented next is an example of an overidentified model.
In practice however, as good instruments may be extremely hard to find, the just-identified

IV estimator tends to be widely used.
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9.2 Two-Stage Least Squares

The Two-Stage Least Squares (2SLS) estimator is used in overidentified models, where there
are more instruments than endogenous regressors. It is implemented in Stata under the
code ivregress 2sls and is computed as the name describes, that is, in two steps. In the
first step, the endogenous parameter is regressed on its instruments and on the remaining
exogenous variables in the model. In the second step, the fitted values from the estimated
endogenous regressor are plugged into the original regression and regressed. In equation

form we will have after having estimated the endogenous regressors in the first step

y=XB+u (9.11)

where X is the vector estimated with the instrumental variables vector Z in step one

X =2z2Z'2)'z'X (9.12)

substituting in equation (9.11]) we simply have

y=2(2'Z)"'Z'XB+u (9.13)

which, after the minimization of the sum of squared residuals yields the 2SLS estimator

/BZSLS

Basrs = [X'X]|'X'y
= [X'2(2'2)"'2'2(2'2)"*2'X]"*X Z(Z2'Z)" 2"y
- [X'X]7' Xy
= [X'Z2(2'2)'Z2'X|'X'Z2(2'Z)" 2"y (9.14)

or in a compact form by

Basrs = [X'P.X]| [ X'P.y] (9.15)

where P, = Z(ZZ')~'Z’. The 2SLS homoscedastic variance will be equal to

VIB = N[X'Z2(Z2'2) 2'X|\[X'2(2'2)"'8(Z'2) 2’ X|[X'2(Z'Z) 2’ X] "
(9.16)
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If you think this formula is big then you should take a look at the heteroscedastic one.
Luckily Stata does all of that for you, with the , vce(robust) option for heteroscedastic

error term.

9.3 GMM 1IV’s

The Generalized Method of Moments (GMM) consists of a pragmatic approach to econo-
metrics. Its tremendous versatility is derived from the fact that it can be derived from the

moment conditions imposed upon the error term. Take the following model

yi=x0+w (9.17)

where each component of x is viewed as being an exogenous regressor if it is uncorrelated
with the error or an endogenous regressor if it is correlated. If all regressors are exogenous
then LS estimators can be used, but if any components of x are endogenous then LS esti-
mators are inconsistent for S. In the latter case, we will be using an instrument vector z in

order to attain the orthogonality condition

E[ziui] =0 (918)
as u; = y; — x; we can rewrite (9.18)) as

Elzi(y: —xi8)] =0 (9.19)

Exogenous regressors can be instrumented by themselves. As there must be at least as
many instruments as regressors, the challenge is to find additional instruments that at least

equal the number of endogenous variables in the model.

9.3.1 GMM Estimator

The GMM estimatoxﬂ uses the population condition defined in (9.19) to build its objective
function Qn(3). The sample correspondent of the expectation will simply be N~ ", z;(y; — x}5)

1

and hence the objective function

Qn(B) = [Z'(y— XB)'Wn|[Z'(y — XB)]
= [Z'y— Z’XB/Wn[Z'y — Z' X (9.20)

or IV uses of the GMM estimator in Stata use ivregress gmm
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where Wy is an r x r full-rank symmetric weighting matrix. The first order conditions
for Qn(6) will be

0B _
05
=2(X'Z|Wn[Z'(y — XB)] = 0

X'ZWnNZ'y - X'ZWNZ'XB = 0
X'ZWNZ'XB = X'ZWNZ'y
Bemm = [X'ZWNZ'X)T'X'ZWNZ'y  (9.21)
which is exactly the same as the 2SLS estimator only with Wy instead of P,.
Similarly, the GMM variance estimator will share many similarities with the 2SLS ana-

logue. Notice however the presence of an S optimal weighting matrix which will be further

discussed

~

V[B] = N[X'ZWNZ'X] ' [X'ZWNSWNZ'X][X'ZWNZ'X] ! (9.22)

9.3.2 Optimal GMM

The optimal W = S5 ' where

N
So = lim N ! Z Elu’z;z!] (9.23)
i=1
however, since in practice Sg is unknown we set Wy = S—1 where Sy is consistent for
So and estimated as follows
_ Z'DZ

S—nN! 0277,
S itary = 20

i=1

(9.24)

where 1; = y; — XQBAGMM is the GMM residual and D is an N x N diagonal matrix with
2

entries ;.

The optimal GMM is then estimated through a two-step procedure. In the first step,
a GMM estimator is obtained using a suboptimal choice of Wy, usually Wy = Iy. From
this step we gather the estimated squared residuals 47 and form estimate S. In the second
step we use an optimal GMM estimator now with the newly estimated weighting matrix so
that Wy = §~1. Then the optimal GMM estimator will be given by the following objective

function
N !

Qn(p) = [N_l Z(uzzz)

=1

Sv—l

N~ Z(uizi)] (9.25)

=1
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9.3.3 GMM vs. 2SLS

Both the optimal GMM and the 2SLS estimator lead to efficiency gains in overidentified
models. Optimal GMM has the advantage of being more efficient than 2SLS, if errors are
heteroscedastic, though the efficiency gain need not be great. Optimal GMM has the disad-
vantage of requiring additional computation compared to 2SLS. In cross-section applications
it is common to use the less efficient 2SLS, though with inference based on heteroscedastic

robust standard errors.

9.4 Three-Stage Least Squares

Three Stage Least Squares (3SLS) estimates a system of structural equations, where some
equations contain endogenous and potentially serially correlated variables. The Three-Stage
Least Squares (3SLS) method generalizes the 2SLS approach to take account of the corre-
lations between equations in the same way that SUR generalizes OLS. 3SLS is implemented in
Stata under the reg3 (depvarl varlistl) (depvar2 varlist2) ... (depvarN varlistN)

command. 3SLS requires three steps:

1. use OLS regressions to estimate the fitted values for all the endogeneous variables. Each
of these regressions shall include all exogenous variables of the system as right-hand
side variables?]

2. obtain a consistent estimate of the covariance matrix of the equation disturbances.
These estimates are based on the residuals from the 2SLS estimation of each structural

equation
3. perform a GLS-type estimation using the covariance matrix W estimated in the second

stage with the predicted values in place of the right-hand side endogenous variables

9.4.1 3SLS Estimator

The 3SLS is a GMM estimator that uses a particular weighting matrix. To define the 3SLS
estimator let i; = y; — X3 be the residuals from step |1} Define the G x G matrix

O

(2

N
NN gl (9.26)
=1

2notice that this step is identical to the first step of the 2SLS estimation
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since @ —P Q = E(u;u}) the weighting matrix used in 3SLS is

N -1
W = [Nl > z;szz,) -
=1

where Iy is the N x N identity matrix. The ,335 Ls estimator is then given by

Z'(In@0)Z
N

(9.27)

« . -1 . ~1
basis = | X'Z{Z'(In@ M2} 2'X| X'Z|Z(In00)Z| ZY  (929)

Bgs s is consistent if Flu;|z;] = 0 and asymptotically normal under the usual assumptions.
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Chapter 10
Specification Tests Revisited

Having presented the potential sources of misspecification in linear models we now turn to
the tools used for testing model fit to data. In the present chapter we present two testing
philosophies for model specifications (m-tests and Hausman tests) plus a set of some other

tests for some common model misspecifications.

10.1 M-tests

M-tests use moment conditions in a similar fashion to the GMM approach with the distinction
that moment conditions are not imposed in the estimation but rather used for testing. M-
tests are usually implemented using auxiliary regressions and estimated via ML. You can
find them in Stata under the mtest command. Unsurprisingly, the null is the population

moment orthogonality condition:

The sample moment correspondent to ((10.1)) will be our m-test, which will test of the

closeness to zero of the null
N
mn(0) = N7 m;(w;, 6) (10.2)
i=1

where w is a vector of observables, usually the dependent variable y and the regressors
x and sometimes additional variables z, 8 is a ¢ x 1 vector of parameter and m;(.) is an
h x 1 vector. This approach is similar to that for the Wald test, where h(0) = 0 is tested
by testing the closeness to zero of h(é) A chi-square test statistic can then be obtained by
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taking the corresponding quadratic form. Thus the m-test statistic is
M = N1y (0)' V., iy (0) ~ x2(rank[V,,]) (10.3)

The m-test rejects the moment conditions at significance level a M > x2 and
does not reject otherwise. The m-test approach is conceptually very simple. The moment
restriction is rejected if a quadratic form in the sample estimate is far enough
from zero. The true practical complication lies in the estimation of the inverse matrix

variancdl] V1.

10.1.1 CM test

The conditional moment test (cm) is an m-test based on the implied unconditional

moment restrictions

E[r(y,z,0)|x] =0 (10.4)

for some scalar function r(.). The conditional moment test will take use of this condition

and redefine it as an unconditional moment restriction
Elg(z)r(y,x,0)] =0 (10.5)

where g(x) and/or r(y,x,0) are chosen so that these restrictions are not already used

in estimation.

10.1.2 Test of Overidentifying Restrictions

Tests for overidentifying restrictions are m-tests. In an overidentified model, there is an
excess of r — ¢ unused orthogonality conditions which can be used to form an m-test which

follows a chi-square distribution with » — ¢ degress of freedom.

10.2 Hausman Test

The Hausman test is based on the comparison between two the properties of two competing

estimators. Hypotheses are
H, : plim(d —86) =0 (10.6)
H, : plim(@—8)+#0 (10.7)

More intuitively we have that under the null

'In fact many practitioners do it via bootstrapping techniques discussed in chapter
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e estimator @ will be consistent but inefficient
e estimator @ will be consistent and efficient

and that under the alternative
e estimator @ will still be consistent but inefficient
e estimator O will be become inconsistent

The Hausman test is therefore a test on both the value and the variance of the estimator.

It will take the following form
H=1[0-0][V(0—06)"'6—06 (10.8)

The obvious trouble here is how to disentangle the two variances. Fortunately Hausman

figured that out for us

-~ ~

Vi =V[(0 — 8)] = V[0] + V[8] — 2Cov[6, ) (10.9)

if 0 is the efficient estimator in the null hypothesis model, then Cov[é, é] is simply the

variance of é, so that

V(O —0)] = V[0 +VI[6] —2VI[0]
= V[0 -V[b) (10.10)
which, plugged back into turns out to be
H=[0-6]'[V(0)—V(6)'[0—6] ~ k) (10.11)

-~ ~

where dim[f] = dim[@] =k x 1

The Hausman test. Typical applications of this test are the the panel data comparison of fixed-
effects vs. random-effects estimator or the endogeneity test for the 2SLS vs. OLS estimators. In
the latter case we test the null that the 2SLS estimator is consistent but inefficient under the null

but still consistent under the alternative (provided the z vector of instruments is appropriate).

10.3 Common Misspecifications

Model misspecifications have previously been discussed in chapter |3} Here we provide some further

checks for heteroscedasticity, exogeneity of instruments and nonlinearity of the regressors.
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10.3.1 Heteroscedasticity

Heteroscedasticity occurs whenever a random variable has differing variances across its distribution.
Even though heteroscedasticity per se does not affect the consistency and can be easily corrected
with the usage weights in the variance-covariance matrix, it can quite often be a symptom of of
more troubling econometric issues as endogeneity (as is the case in figure . Heteroscedasticity
is usually dealt with by using the GLS model presented in chapter

Heteroscedasticity

20

10

0
®1

|+ y Fitted values |

Figure 10.1: Example of Heteroscedasticity

Breusch-Pagan test The Breusch Pagan (BP) test, implemented in Stata as a postestimaton
command for linear regressions estat hettest is an chi-square test with nx?(k) degrees of freedom.
The BP tests the null of constant variance in the model (no heteroscedasticity) and can easily

computed as follows

1. run the OLS regression

y=PFo+x\B1+ ...+, + 2151+ ...+ 2,0, tu (10.12)

2. obtain the @2 residuals of the estimated OLS regression equation

3. use the squared residuals 4% as the dependent variable in a secondary equation that includes

the independent variables suspected of being related to error term
0% = Bo+ 21+ -+ 2, B0+ u (10.13)
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4. perform a chi-square test on the mode estimated in step[3] If the test confirms that the inde-
pendent variables are jointly significant then we can reject the hypothesis of no heteroscedas-
ticity. Notice however that under the null, the BP test assumes normally distributed errors

as it uses the restriction E[u?|z?] = 304.

White test Unlike the BP test the White test does not require modeling heteroscedasticity, as
heteroscedastic-robust standard errors can be computed under minimal distributional assumptions.

Asides from that, the White test is quite similar to the BP test. It is computed as follows
1. run the OLS regression
y=Po+x 1+ ...+ x,fn +u (10.14)

2. obtain the @2 residuals of the estimated OLS regression equation

3. use the squared residuals 42 as the dependent variable and estimate the following equation

where X'’s are all explanatory variables from the original equation
0% = Bo+ ®\ 1+ o+ T, + u (10.15)

4. test the joint hypothesis that all the coefficients are zero (Chi-square test)

The White test is equivalent to the LM test LM = NR?. As mentioned the advantage of the White

test is that it requires no induction on which regressors are causing heteroscedasticity.

10.3.2 OIR Tests

If an IV estimator is used then the instruments must be exogenous for the IV estimator to be
consistent. For just-identified models it is not possible to test for instrument exogeneity. Instead, a
priori arguments need to be used to justify instrument validity. The Sargan (which by the way is an
m-test) is the standard over-identifying restrictions test. It sets the null at the moment condition

level Hy : E[zu] = 0 which corresponds to the sample equivalent

N
NS wdzizl ~ X2 (r - q) (10.16)
=1
leading to the Sargan test OIR
OIR=4'Z8"'Z'a (10.17)

where 4t = y — XB and S = 62Z'Z is consistent for plim N~ > u?zizzf. If OIR is large then
the moment conditions are rejected and the IV estimator is inconsistent. Rejection of Hy is usually
interpreted as evidence that the instruments z are endogenous, but it could also be evidence of
model misspecification so that in fact y # /3 + u. In either case rejection indicates problems for
the IV estimator.
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Chapter 11

Bootstrapping

Bootstrapping is a computer intensive method based in Monte Carlo simulation and re-sampling
techniques which allow for an approximation asymptotic results using finite-samples. The wide
range of bootstrap methods can be classified into (1) statistical inference when conventional meth-
ods such as standard error computation are difficult to implement and (2) provide asymptotic

refinements that can lead to a better approximation in finite samples.

Bootstrap Density of 't-Statistic'

=
Bootstrap Estimate
Standard Normal
(S
=
=
D o
7]
o
_ /
ol _/ \
T T T T T
-4 -2 0 2 4

t-statistic from each bootstrap replication

Figure 11.1: Bootstrap density of t-test statistic

11.1 Asymptotic Pivotal Statistic

For asymptotic refinement to occur, the statistic being bootstrapped must be an asymptotically

pivotal statistic, meaning a statistic whose limit distribution does not depend on unknown parame-
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ters. As an example. consider sampling from ) y; ~ [u1, 0%]. Then the estimate ji = 3§ ~% N[y, 0?] is
not asymptotically pivotal even given a null hypothesis value p = pg since its distribution depends
on the unknown parameter 0. However, the studentized statistic, t = (& — po)/sp ~* N[0,1] is

asymptotically pivotal.

11.2 The Bootstrap Procedure

11.2.1 Boostrap Algorithm

A general bootstrap algorithm works as follows:

1. Given data ws, ..., wn, draw a bootstrap sample of size N using a method given in [11.2.2

and denote this new samples as w;, ..., wy;
2. Calculate a desired statistic using the bootstrap sample. Examples include

e the estimate #* of @
e the standard error 85 of the estimate 0*

e a t-statistic t* = (0* — é)/sé centered at the original estimate 0

3. Repeat steps [I}. and B independent times where B is a larger number of bootstrap

replications of the statistic of interest

4. Use there B bootstrap replications ti obtain a bootstrapped version of the statistic

11.2.2 Bootstrap Sampling

The bootstrap d.g.p. in step |1} is used to approximate the true unknown d.g.p. We present three

sampling techniques for bootstrap sampling

Empirical distribution function use the empirical distribution of the data and perform a
sampling with replacement on that data B times. Remember that since the sampling is done with

replacement observations can be repeated or not show up within each new sample.

Parametric bootstrap if the conditional distribution ylz ~ F(x,0¢) is known, then the

bootstrapped estimates will follow the same F(x,8p) parametric distribution.

Residual bootstrap Each residual is randomly multiplied by a random variable with mean 0
and variance 1. This method assumes that the ’true’ residual distribution is symmetric and can

offer advantages over simple residual sampling for smaller sample sizes.
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11.2.3 Number of Bootstraps

The bootstrap asymptotics rely on N — oo and so the bootstrap can be asymptotically valid even
for low B. However, clearly the bootstrap is more accurate as B — oco. Pedro Portugal’s rule of
thumb is 999. Some other authors propose 399 for tests at level 0.05 and 1,499 for tests at 0.01.

11.2.4 Standard Error Estimation

The bootstrap estimate of variance of an estimator is given by

B
1 N* P
Sﬁ,boot =5 > (05— 67)? (11.1)
b=1
where

~ B ~

0*=B"1> 6 (11.2)
b=1

11.2.5 Hypothesis Testing

Tests with asymptotic refinement Asymptotic refinement is achieved through the repeti-
tion of the bootstrapping procedure B times. As mentioned as B — oo the more and more accurate

the bootstrapped estimates become.

1. Consider a t-test: compute B bootstrap replications of B test statistics, t*q, ..., txp where

11.3
- (11.3)

2. order the empirical distribution of tx1, ..., txp from smallest to largest

3. get the bootstrap critical value for the defined « level of confidence

Tests without asymptotic refinement Alternative bootstrap methods can be used that

although asymptotically valid do not provide an asymptotic refinement.

1. compute t

(11.4)

sé,boot

where 6y is the null hypothesis testing parameter

2. compare the single test statistic to critical values from the standard normal distribution
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11.2.6 Sampling Bias Reduction

The bootstrap estimate of the sampling bias is
. Ak A
Bias; = ( 0 —0) (11.5)

Suppose, for example that f=4and 0= 5._Then the estimated bias is (5 —4) = 1, an upward
bias of 1 that needs to be subtracted from 6. More generally the bootstrap bias-corrected

estimator of 6 is

>

>

—(
- 90—

eBoot

Dy
|
D>
S~—

Ty

(11.6)

In practice however bias correction is seldom used for v/ N-consistent estimators, as the boot-
strap estimate can be more variable than the original estimate 6 and the bias is often small relative
to the standard error of the estimate. Bootstrap bias correction is used for estimators that converge

at rate less than v/ IV, notably nonparametric regression and density estimators.
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